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1 One-sector model with representative agent

1.1 Optimal wage

The problem of the union is

max
W∗t

Et

∞

∑
k=0

(θwβ)kU(Ct+k|t, Nt+k|t),

subject to

Nt+k|t =

(
W∗t

Wt+k

)−εw

Nt+k (1)

Pt+kCt+k|t + Qt+kBt+k = Bt+k−1 + W∗t Nt+k|t + Dt+k + Tt+k. (2)

Even though we are interested in determining the optimal nominal wage W∗t , we can re-write the
constraints (1) and (2) such that every nominal price is in terms of the numeraire: the price of consumption,
Pt. These restrictions read as

Nt+k|t =

(
W∗t
Pt

Pt

Pt+k

Pt+k

Wt+k

)−εw

Nt+k

=

(
W∗t
Pt

)−εw
(

Pt+k

Pt

Wt+k

Pt+k

)εw

Nt+k (3)

Ct+k|t =
Bt+k−1 −Qt+kBt+k + W∗t Nt+k|t + Dt+k + Tt+k

Pt+k|t

=
Bt+k−1 −Qt+kBt+k + Dt+k + Tt+k

Pt+k|t
+

W∗t
Pt

Pt

Pt+k
Nt+k|t

=
Bt+k−1 −Qt+kBt+k + Dt+k + Tt+k

Pt+k|t
+

W∗t
Pt

Pt

Pt+k

(
W∗t
Pt

)−εw
(

Pt+k

Pt

Wt+k

Pt+k

)εw

Nt+k

=
Bt+k−1 −Qt+kBt+k + Dt+k + Tt+k

Pt+k|t
+

(
W∗t
Pt

)1−εw
(

Pt+k

Pt

)εw−1 (Wt+k

Pt+k

)εw

Nt+k. (4)
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Then, the optimization problem is unrestricted because we can replace for consumption and labor from
equations (3) and (4).
The first order condition is

Et

∞

∑
k=0

(θwβ)k

{
UC,t+k(1− εw)

(
W∗t
Pt

)−εw 1
Pt

(
Pt+k

Pt

)εw−1 (Wt+k

Pt+k

)εw

Nt+k

−UN,t+kεw

(
W∗t
Pt

)−εw−1 1
Pt

(
Pt+k

Pt

Wt+k

Pt+k

)εw

Nt+k

}
= 0

Et

∞

∑
k=0

(θwβ)k

{
UC,t+k

(
W∗t
Pt

)(
Pt+k

Pt

)εw−1 (Wt+k

Pt+k

)εw

Nt+k +

(
εw

εw − 1

)
UN,t+k

(
Pt+k

Pt

Wt+k

Pt+k

)εw

Nt+k

}
= 0

Et

∞

∑
k=0

(θwβ)kUC,t+k

{(
W∗t
Pt

)(
Pt+k

Pt

)εw−1 (Wt+k

Pt+k

)εw

Nt+k −
(

εw

εw − 1

)(
Pt+k

Pt

Wt+k

Pt+k

)εw

Nt+k MRSt+k

}
= 0,

with MRSt+k = UN,t+k/UC,t+k.
This can be also written as

(
W∗t
Pt

)
Et

∞

∑
k=0

(θwβ)kUC,t+k

{(
Pt+k

Pt

)εw−1 (Wt+k

Pt+k

)εw

Nt+k

}
︸ ︷︷ ︸

Fw
t

=

(
εw

εw − 1

)
Et

∞

∑
k=0

(θwβ)kUC,t+k

{(
Pt+k

Pt

Wt+k

Pt+k

)εw

Nt+k MRSt+k

}
︸ ︷︷ ︸

Sw
t

.

Under U(C, N) = C1−σ−1
1−σ −

N1+ϕ

1+ϕ we have UC = C−σ, UN = Nϕ and MRS = CσNϕ.
Working every expression we get

Fw
t =

(
Wt

Pt

)εw

NtC−σ
t + θwβEt

∞

∑
k=0

(θwβ)kUC,t+k+1

{(
Pt+k+1

Pt+1

Pt+1

Pt

)εw−1 (Wt+k+1

Pt+k+1

)εw

Nt+k+1

}

=

(
Wt

Pt

)εw

NtC−σ
t + θwβEt

[
Πεw−1

t+1 Fw
t+1

]
Sw

t =

(
Wt

Pt

)εw

N1+ϕ
t + θwβEt

∞

∑
k=0

(θwβ)kUC,t+k+1

{(
Pt+k+1

Pt+1

Pt+1

Pt

Wt+k+1

Pt+k+1

)εw

Nt+k+1MRSt+k+1

}

=

(
Wt

Pt

)εw

N1+ϕ
t + θwβEt

[
Πεw

t+1Sw
t+1

]
.

Then the optimal (real) wage is

W∗t
Pt

=

(
εw

εw − 1

)
Sw

t
Fw

t
.

Note that when wages are fully flexible Sw
t =

(
Wt
Pt

)εw
N1+ϕ

t and Fw
t =

(
Wt
Pt

)εw
NtC−σ

t so W∗t
Pt

=
(

εw
εw−1

)
Cσ

t Nϕ
t =(

εw
εw−1

)
MRSt.
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1.2 Wage evolution

Real wages (wt ≡Wt/Pt) evolve as wt = wt−1
Πw,t
Πt

.

Given the Calvo assumption, wages evolve as

Wt =
[
θwW1−εw

t−1 + (1− θw)(W∗t )
1−εw

] 1
1−εw

1 = θw

(
Wt−1

Wt

)1−εw

+ (1− θw)

(
W∗t
Wt

)1−εw

1 = θw(Πw,t+1)
εw−1 + (1− θw)

(
W∗t
Pt

Pt

Wt

)1−εw

1 = θw(Πw,t+1)
εw−1 + (1− θw)(w∗t )

1−εw wεw−1
t .

Finally, the price dispersion evolves as

∆w,t =
∫ 1

0

(
Wt(i)

Wt

)−εw

di =
∫ θw

0

(
Wt−1(i)

Wt

)−εw

di +
∫ 1

θw

(
W∗t
Wt

)−εw

di

=
∫ θw

0

(
Wt−1(i)

Wt−1

Wt−1

Wt

)−εw

di + (1− θw)

(
W∗t
Pt

Pt

Wt

)−εw

= θwΠεw
w,t∆w,t−1 + (1− θw)(w∗t )

−εw wεw
t .

3


	One-sector model with representative agent
	Optimal wage
	Wage evolution


